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1. Introduction

Nonlinear phenomena, which appear in many areas of scientific fields, can be modeled by partial differential equations.
A broad class of analytical solutions methods and numerical solutions methods have been used in to handle these problems,
such as the Backlund transformation [1], Hirota’s bilinear method [2], the Darboux transformation [3], the symmetry
method [4], the inverse scattering transformation [5], the Adomian decomposition method [6,7], recently homotopy
perturbation method [8-10], modified variational iteration method [11], and other asymptotic methods have been used
to solve nonlinear problems.

The Adomian decomposition method has been proved to be effective and reliable for handling differential equations,
linear or nonlinear [6,12-18].

Using the Adomian decomposition method faces some problems with certain types of equation. Wazwaz introduced the
modified Adomian decomposition method to solve some of these problems [15].

In this work we introduce a new analytical treatment for nonlinear initial value problems by using the improved
Adomian decomposition method. Although the new analytical treatment form introduces a change in the formulation of
Adomian polynomials, it provides a qualitative improvement over the standard Adomian method. The improved method
can effectively improve the speed of convergence and calculations.

On the other hand, the Boussinesq equation and others can be solved using IADM and ADM. The fourth order Boussinesq
equation is a nonlinear initial value problem that reads:

U — Uxx — (uz)xx + Uyxxx = 0, X €R. (1)

The Boussinesq equation (1) describes motions of long waves in shallow water under gravity and in a one dimensional
nonlinear lattice [2,19,20]. This particular form (1) is of special interest because [21,22] it admits inverse scattering
formalism. This equation also arises in other physical applications such as nonlinear lattice waves, ion sound waves in
plasma, and in vibrations in a nonlinear string. Moreover, it has been applied to problems in the percolation of water in
porous subsurface strata. For more details about formulation of the Boussinesq equation, see [5,23,24].
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2. The standard Adomian decomposition method and the improved Adomian decomposition method

Consider the following general non-linear initial value problem
Lu(x, t) + Ru(x,t) + N (u(x,t)) =0,
u(x, 0) = fo(x),

du(x, t)
= fi(x),
at o (2)
Flux, 0| fa®)
sl |, =1
where L = aa—:s s = 1,2, 3,...is the highest partial derivative with respect to t, R is a linear operator and Nu(x, t) is the

nonlinear term. Ru(x, t) and N (u(x, t)) are free of partial derivatives with respect to t.
Following the usual analysis of standard Adomian [6,25].
The inverse operator L~! is an integral operator which is given by

t t
L7'0) :/ / ()dt...(sfold)...dt. (3)
0 0
Applying L~! on Eq. (2) and using the constraints leads to
u(x, ) = fo(x) + i@t + - + (O™ = L7 (N (u(x, £)) 4 Ru(x, 1)). (4)

The Adomian decomposition method assumes that the unknown function u(x, t) can be expressed by an infinite series of
the form

o0
ux, ) =Y un(x, 1), (5)
n=0
and the nonlinear term N (u(x, t)) can be decomposed by an infinite series of polynomials given by
o0
N @i 1) =Y A (6)
n=0

where the components u,(x,t) will be determined recurrently and A, are the so-called Adomian polynomials of
Ug, Ug, Uz, ..., U, defined by

‘l dn o0 .
_ 1 - B
An= | N -ZO:M' , n=0,1,2,3,.... )
= =0

Substituting by Eqgs. (5) and (6) into Eq. (4) gives

D un( 0) = o) + Lt + -+ fia T = L7 (ZAn +R (Z un)) : (8)
n=0 n=0

n=0

The component of u,(x, t) follows immediately upon setting
Uo(X, £) = fo() + (Ot + -+ + i (! 9)
un+1(x7 t) = _L71(An + Run)v n>0. (10)

This standard method is powerful when s = 1 but it has some drawbacks like obtaining inaccurate terms whens = 2, 3, .. ..
The obtained inaccurate terms consume time in calculation and deteriorate the convergence.
In order to overcome this problem, the Adomian polynomials (7) are redefined in the form

1 dm» . 1 d(ns+l) ©
= 'fit! if i
A= | (A ST T 2 Mt te
i=0 A=0 =0 —o0

1 d(ns+571) o0 o
1 1 j—
+(ns+s_])! =L Z;Af,»t , n=0,1,2,3,..., (11)
1= =0

where f; is the coefficient of t" in u, (x, t) components.
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For example when s = 1 leads to

1 1 B
Ay = — |:dA” (Zkf, )Lzo, n=0,1,2,3..., (12)

when s = 2 leads to

1 d2n o0 1 d(ZfH—l) o o
j— 1 1 ifqi _
An_ )\‘21’1 Z)Lﬁt + (2n+1)‘ d)\‘(ZVH—])N § )"flt ) n—O, 1, 2,3..., (13)
A=0

i=0

when s = 3 leads to

1 d3n . 1 (3n+1) .
An = )\311 Z)”f' (3n +1)! )L(3n+1) Z)‘f' L

1 d(3n+2) ®©
N Afit! , n=0,1,2,3..., 14
+ G | 2 w)| 19
andsoon....
The new Adomian polynomial (11) gives the same result as Adomian polynomials (7) when s = 1 but different

polynomials whens = 2, 3,4, .. ..

In the improved Adomian decomposition method (IADM), the Adomian polynomials (11) are used instead of the Adomian
polynomials (7). ADM does not give the exact power series for Eq. (2) whens = 2, 3,4, .... IADM gives the exact power
series solution for Eq. (2) whens = 2, 3, 4, ... and cancels the calculations of all the inaccurate terms which consume time,
effort and deteriorate the convergences.

2.1. lllustrative example (s = 2)

Consider the “good” Boussinesq equation [15,25-27]

U — Uxx — (uz)xx + Uy = 07 X e R; (15)
with the initial conditions
2

—3c S X
u(x, 0) = sech [—] s
, 2 (16)
3c’V1—¢? 5 [ex X
u;(x,0) = ———  sech [—] tanh [—]
2 2 2
where c is a constant.
Using IADM
Eq. (15) can be re-written in an operator form as
Lu(x, t) + Ru(x, t) + N(u(x, t)) =0, 17)
where the differential operator L = arz ,R= ax2 + 4 3 <, the nonlinear term N (u(x, t)) = — (u2)xx, and from L we find that

s=2.
The inverse operator L' is an integral operator given by

t t
') = f / ()drdr. (18)
0 0

Applying L~! on Eq. (17) and using the given I.C.’s we find that

u(x, t) = fox) + fi(x)t — L' (N(u(x, 7)) 4+ Ru(x, 7)). (19)
Substituting by Egs. (5) and (6) into Eq. (19) gives

D w0 = o) + 1ot — L7 (ZAnu, ) +R (Z U (x, r))) : (20)
n=0 n=0 n=0

where A, are the Adomian polynomials which represent the nonlinear term — (uz)x and are defined by (11) where s = 2.
A, takes the form

1 d2n o0 ; 1 d(ZTH—l) o0 .
=z Zkﬂ +(2n+1)! N Z):)Lf,-t , n=0,1,2,3.... (21)
1= r=0
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Using
uo(x, t) = fo(x) + fr(x)t,
and the iteration formula
Unp1 (%, t) = =LAy +Ruy), n=>0
leads to the following results

2

=3¢ Srexy  33V1—c¢2  rex cx
Ug = 5 sech [2]+fsech [S]tanh[z]t
= fo(x) +f1 Ot
-3¢ rex
fox) = 5 sech [2 ]
33V1 -2, rex cx
fix) = — sech [5] tanh [5] .
Ao = 2(fo,)” + 2fofo, + (4fouf1, + 2fifor + 2fafie) T
up(x,t) = —L7'(Ao + Ruo)
_ 3.4, 2y 4[XT 2
= §C (—1+c*) (—2 + cosh|[cx]) sech [z]t
1 (4 5.3 5 [CX . cx . 3cx 3
+ I <C (1 —c“)2sech [5] (—11 sinh [5] + sinh [7}>> t
= L + (0,

_ 34 2y 4[CXT .2
fz(X)—sC( 1+ ¢®) (—2 + cosh[cx]) sech [z]t,

— L (a - seer® [FT( —11sinn [ ] + sinh | 2X ’
f(x) = 5 (c (1 —c*)2 sech [2]< Hsmh[z]—l—smh[ 5 :|>>t .
A1 =262 + 2o fo, + fouls + Fifi + Bofo) + 2001, + 2o, +foufs + oo + ot + Frf)t,
uz(x’ [‘) = —Lil(Al +Rul)

1 & 242 6[CXT 4
128c( 14 ¢“)* (33 — 26 cosh [cx] + cosh [2cx]) sech [Z]t

c’(1— cz)% S rex ] cx ) 3cx ] 5cx 5
+ ——— [ sech [—] 302 sinh [—] —57sinh | — | +sinh [ — t
1280 2 2 2 2

[t + X8,

Following the same procedures we obtain

us(x, t) = =L (A3 + Ruy)
_ cd(—1+4c?)3

2 215040
g [CX . cX . 3cx . 5cx . 7cx 7

x sech [—] —15619 sinh [—] +4293sinh | — | — 247sinh | — | +sinh | — | ) t7,

2 2 2 2 2

And soon....

Considering these components, the solution can be approximated as:

ux, t) >~ ¢p(x, t) = Zum(x, t).
m=0

—3c? cx 3c3v/1 —c? cx cx
o1 = > sech? [5] +— sech? [5] tanh [— t

+ ! (1= ¢?)3 sech® [CX] 11sinh [CX] + sinh 3 3
16 2 2 2 ’

91 — 2 z
15360 (—1208 + 1191 cosh[cx] — 120 cosh[2cx] 4+ cosh[3cx]) sech® [CX] 6 — u

3 X
> ] + gc“(—l + ¢?) (=2 + cosh [cx]) sech* [—] t?

(24)

45

(22)

(23)
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—3¢? 3c3V/1—¢2
¢ = 5 hZ[CZX —i—% chz[z]ta h[z]t+ (=143 (- 2+cosh[cx])sech4[2] t2
1 3
+ S = c?)3 sech’ [Q] —1lsinh[g]+sinh 2X)) e
2 2 2
1
— Ec 5(—1+ ¢*)2(33 — 26 cosh [cx] + cosh [2cx]) sech6[ ¢
c’(1 = c?)°/? S rex
S (sech [—] 302 si h[—]—57 h nh (5 25
+ 1380 sec 5 sin 5 in > + sin > (25)
—3c? 3c3J1 — 3
#; = < sech? [%]+¥ hz[z]t h[ t—i—§C4(—1—l—Cz)(—2+C05h[CX])SECh4[%]t2

2 2
1 3
+ 6 <c5(1 - Cz)% sech® [;—X] (—11 sinh [%] + sinh |:;X:|>) 3

1
— —c5%(—1+4 ¢?)? (33 — 26 cosh [cx] + cosh [2cx]) sech® [ ] t4

128 s
1—c):2 >
LLa=eht ch7[c] 3025“h[ ]_57Sinh 3 4sinn [ 22]))
1280 2 2 2
B(—=1+¢%)3 cx
+ g(_uog + 1191 cosh [cx] — 120 cosh [2cx] + cosh [3cx]) sech® [5] t°

15360 .
(c®(1 —c?))2 o[ CX 3cx . [5cx L [7ex 7N
— ——————sech [—] —15619 sinh [ ] + 4293 sinh —247sinh | — | +sinh | — | ) t/,
215040 2 2 2 2

¢, contains the exact power series expansion of the closed form solution

2.2
ux, t) = 3¢ sech? [%(x ++/1—¢c? t)] . (26)

2

Using ADM
The components u,(x, t) follow immediately upon setting

ug(x, £) = fo(x) + f1 0t

—3¢? cx 3c34/1—¢2 cx cx
= ech? [ ] + =~ sech? [—] tanh [—] t, (27)
2 2 2 2 2
and using the iterative equation (10) where A, are the Adomian polynomials of ug, uy, ..., u,, represent the nonlinear term

— (uz)xx and is defined by (7) see [25].
The following components are obtained

u(x, t) = fc 4(=1+ ¢?) (=2 + cosh[cx]) sech? [ ] 2+ — (65(1 — ¢2)3 sech’ [CZ—X] <— 11sinh [%]
+ sinh [32)(:|>> 3 — 3 ¢ 8(—14 ¢?) (10 — 10 cosh [cx] + cosh [2cx]) sech® [ ] t4,

1
uy(x, t) = —ﬁcs(—l + ¢?)(—40 — 440c? + 15(—1 + 33c?) cosh [cx] + 24(—1 + 3¢?) cosh [2cx]

701 _ 2)3
+ (= 1+c)cosh[3c»<l)sech8[ ]t +%< h7[2]<30251nh[2]—57sinh|:3;X:|

cx 1
+ sinh [2]» 5+ 2560c1°( 1+ ¢?)(600 + 26670c — (59 + 33775¢?) cosh [cx]

cx
+4(—133 + 2050c¢?) cosh [2cx] + (123 — 645¢2) cosh [3cx] — (4 — 10¢?) cosh [4cx]) sech'? [5] t6

3c13(1 — cz)% ] X ) 3cx 7cx 131X 5
+ ————— | —3749sinh [—] + 1551sinh | — | — 235 sinh + 9sinh sech [—] t’,
3584 2 2 2 2 2
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us(x, t) = 45760 c8(—1+ ¢)(—2604 — 52392¢ — 2562924c* + 6(—301 + 1546¢% + 540099c¢*) cosh [cx]

+96(—17 — 498¢? + 8183c*) cosh [2cx] + (717 — 13242¢? + 62637¢*) cosh [3cx]
cX
— (116 — 616¢% + 1076¢*) cosh [4cx] + (1 — 2¢2 + ¢*) cosh [5¢x]) sech!? [5] t8

c2(1 — ¢c?)3/2
(172T2)0(_18774 + 37548¢% + 3471786¢* — 6(3157 — 6314c? + 639157c¢*) cosh [cx]

+24(131 = 262¢? + 27251c¢*) cosh [2cx] + (3069 — 6138¢% + 22851c*) cosh [3cx]
cX cX
— (242 — 484c? 4 2426¢*) cosh [4cx] + (1 — 2¢? + ¢*) cosh [5¢x]) sech!? [5] tanh [5] t’

12 2 2 4 2
——— “(—=1+¢")(—23856 — 1341312c” — 11811806¢™ + 6(—1249 4 97406¢
+ 1146880 (=T 6 +

+27630223c*) cosh [cx] 4 (24612 + 1224108¢2 + 56201988¢*) cosh [2cx] + (4157 — 614002¢>

+8634497¢*) cosh [3cx] + (—3760 + 84416¢% — 526384c*) cosh [4cx] + (329 — 3202¢2
X
+9701c*) cosh [5¢x] + (—4 + 20c? — 28¢*) cosh [6¢x]) sech!® [5] B+,

Considering these components, the solution can be approximated as:

n
U 1) = gu(x, 0) = Y Uun(x, ). (28)
m=0
—3¢? 5 [CX 3c3/1 —¢2 5 [CX cx 3, ) J[CX7
¢ = sech [— 4+ ———— sech [—] tanh [—] t+ —c*(—1+ c¢“)(—2 + cosh[cx]) sech [—] t
21 2 2 2 3 8 2
cx X X
+ 6 (65(1 — cz)% sech’ [5] (—11 sinh [5] + sinh [7})) 3
3 cX
- ics(—l +¢2) (10 — 10 cosh [cx] 4 cosh [2cx]) sech® [5] t4,
¢ = -3¢ sech? [CX] + 3CV1-c sech? [CX] tanh [CX] t+ 3c4( 14 c?) (=2 + cosh[cx]) sech? [CX] t?
T 2 2 2 2 2 8 2
+ L (51— )3 sech’ [Cx] 11sinh [CX] +sinh | 22 1)) ¢ = L c5(—1 4 ¢2)2 (33 — 26 cosh [ex]
- _ U Z11sinn | 2 inh | =% — S(— _
16 2 2 2 128
6TCX1 .4  C(1—c?)>3? STex CoTCex ) 3cx
+ cosh[2cx]) sech [—] t*+ —————— | sech [—] 302 sinh [—] — 57sinh | —
2 1280 2 2 2
. Scx 5, 1 10 2 2 2
+ sinh - t +%C (—1+ ¢“)(600 + 26670c” — (59 + 33775c*) cosh [cx] + 4(—133
X
+2050¢c?) cosh [2cx] + (123 — 645¢2) cosh [3cx] — (4 — 10c?) cosh [4cx]) sech'? [5} 5+ ..., (29)

—3¢2 3c3V/1 -2 3
¢3 = 2C sech? [Cz—x] + % sech? [%X] tanh [%X] t+ §c4(—1 + ¢?) (=2 + cosh [cx]) sech? [%] t?

1 3
+ & <C5(1 — %) sech® [%] <—11 sinh [;—X] + sinh [?])) t3

1 cx (1 —c?)3 cx
— ECG(—l + ¢?)? (33 — 26 cosh [cx] + cosh [2cx]) sech® [E] th+ % (sech7 [5}

) cx ) 3cx ) 5cx s B(—1+c?)?
x (302 smh[—] —57sinh | = | +sinh | 22 [) ) 65+ -T2 (L1208 4 1191 cosh [cx]
2 2 2 15360

7
2

9 1-— 2
— 120 cosh [2¢cx] + cosh [3cx]) sech® [3] % — ca-cj)2 sech® [g] — 15619 sinh [Q]
2 215040 2 2

+ 4293sinh | > | — 247 sinh [ 2% |+ sinn [ 2 ) ) 7 4 — L e2(21 4 2)(—23856
2 2 2 1146880

—1341312¢? — 11811806¢* + 6(—1249 + 97406¢? + 27630223c*) cosh [cx] + (24612 + 1224108¢>

+56201988c*) cosh [2cx] + (4157 — 614002c? + 8634497¢?) cosh [3cx] + (—3760 + 84416¢% — 526384c?)
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error |u—¢;(ADM)|

—_—

— — — Ju-3,(1ADM)|

Fig. 1. The absolute error between the closed form solution (26) and D3om) = ¢§T + ¢§V5. and the absolute error between the closed form solution (26)
and ¢3,,,, = ¢37 atx =0and ¢ = 0.5.

cx
x cosh [4cx] + (329 — 3202¢? + 9701c?) cosh [5¢x] + (—4 + 20¢? — 28¢*) cosh [6¢x]) sech® [—] .,

In ¢y, and 3, SOMe terms are not written because it is massive to write them.
Results analysis

From analyzing the previous results, it can be noticed that the results of ADM without improvement take the following
form:

¢n(ADM> =fn0 +fn]t +fn2t2 4. +fn2n+lt2n+l+fn2n+2t2n+2 +fn2n+3t2n+3 -

form

(30)
where f" is the coefficient of t™. f" is settled, accurate, and takes the same value for each Py 3 2n+1) > m. ftis not
settled, not accurate, and does not take the same value for each ¢, as (2n + 1) < mie. ¢y, canbe rewritten in the

¢“(ADM) (Xv t) = ¢1§T(X! t) + ¢;I-:IS(X! t)7

(31)
where ¢°T contains the settled terms (accurate terms) in Eq. (30) (not underlined terms) and ¢>,’1\’5 contains the non-settled
terms (not accurate terms) in Eq. (30) (underlined terms). In Fig. 1, we show that the addition of the term ¢°(x, t)

n
deteriorates the convergence to the closed form solution (26) since the coefficients of t* in ¢,’;’5 (x, t)are not the exact
coefficients of t*. ¢5T, which shows better results, is the same as the result obtained from IADM.

2.2. lllustrative example (s = 3)

Consider the nonlinear initial value problem
Bux,t)  dux,t
u, t) + u, t) —2x(u(x, ) +6 U, t)*=0
de3 1 dx ;
ux,0) = 2 ue(x,0) = e

-1
U (x,0) = XT'

(32)
Solving Eq. (32) using IADM, Eq. (32) is written in the form:

Lu(x, t) + Ru(x, t) + N1(u(x, t)) + N2(u(x, t)) = 0, (33)
where Lu(x, t) = d3ZE}"”,Ru(x, t) = % N1(u(x, t)) = —2x (u(x, t))*, N2(u(x, t)) = 6 (u(x, t))*, and from L we find that
s=3.

The inverse operator L' is an integral operator given by

t t t
L' = / f / ()drdrdr.
0 0 0

(34)
Applying L~! on Eq. (33) and using the given 1.C.’s we find that

u(x, t) = o) + Lt + L — L7 (INT(ux, 7)) + N2(u(x, 7)) + Ru(x, ).

(35)
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Substituting by Eq. (5) into Eq. (35) gives

o0 [o¢] o0 [e¢]
D w0 = o) + f1(0t + x> — L7 (ZAH(X, )+ Y Bux,T) +R (Z Un (X, r))) : (36)
n=0 n=0 n=0 n=0

where A, and B, are the Adomian polynomials which represent the nonlinear terms N1(u(t, x)) = —2x (u(t, x))> and

N2(u(t, x)) = 6 (u(t, x))* respectively and are defined by

1 d3n . 1 d(3n+1) o0 i
An = 30! )\311 Z)”f’ (3n + 1! )L(3n+1)Nl ;)Lf"t o

1 d(3n+2) 00
1 1 j—
+(3n+2)! el Zkft , n=0,1,2,3..., (37)
i=

1 [ d(3n+1) [N
By = 3n! )\3n Z)‘f’t (3n+ ! )L(3n+1)N2 ZO)‘flt
A=0 A=0

1 d(3n+2) 00 ;
N2 Alfitt =0,1,2,3..., 38
T Gur ol | o ; R (38)
and using
o(x, £) = fo(0) + it + (0L (39)
un+1(x7 t) = Li](An + Bn + Run), n>0 (40)

the following results are obtained
11 1,
uo == _x7 - xjt - x76t

fo®) +f1(0t + H (0L,
1 1

Jox) = 2 i) =—-—=, LX) =-—=
X

Ao = —=2x (f§ + 2ffit + (Y + 2fuf2) )
Bo = 6 (f + 4fgfit + 202 Gf + 2faf)t?)

up(x,t) = —L""(Ao + By -+ Rup)
IR I
8 X10 X2

F + L0t + f(0t°,
1 1
fs(x) = & fa) = 0 i) =—-—

Ay = =2xQfifs + fofs)E + (f} + 2fifs + 2faf)t* + 2(hfs + fifa + fofs)E®)
By = 4(6fof] + 18f3fifa + 6fgfa)> + (6ff + 72fafPfo + 36f5f5 + T2ffifs + 24f; fa)t?
+24(F2f, + 3fafify + 3faf s + 3fohfofs + 3f3fifa + fofs)

uy(x,t) = —L7'(A; + By + Ruy)
_lwe_ 1o 1
xl4 x16 xlS

fo@)t® + 00t + fs (0t

following the same procedures we obtain

us(x, £) = L™ "(A; + By + Ruy)
1o 1.4, 14

=——t2— — "' ¢

x20 x22 x4

And soon....
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Considering these components, the solution can be approximated as:

n
ux, t) >~ ¢p(x, t) = Z Un(x, t). (41)
m=0
11 1 1 1 1
b= - gt— Gt — 50— 5t = p,
X X X X X
¢2=_l2_l4t_l6t2_783_i4_it5_ie_i7_it8,
X X X X x10 x12 x14 x16 x18 (42)
gt e s a1 e 1 1 1o 1o 1w
X2 x4 &6 X8 x10 x12 x14 x16 x18 %20 x22 x24°

¢, contains the exact power series expansion of the closed form solution

1
u(t,x) = m (43)

Using ADM
The components u,(x, t) follow immediately upon setting

uo(x, £) = fox) +fr(0t +HKX)E
=—=——t——t% (44)
and using the iterative equation

Upp(x, t) = _Li](An +By+Ruy), n>0 (45)

where A, and B, are the Adomian polynomials of ug, 1, . . ., Uy, represent the nonlinear term N1(u(t, x)) = —2x (u(t, x))*
and N2(u(t, x)) = 6 (u(t, x))* respectively and are defined by

‘1 dn o .

An:m|:dA“N1 (I_ZO:)\I“I')]A R n=0,1,2,3..., )
‘l dn oo )

Bn—m[danZ(;yu,):L O, n=0,1,2,3..., )

the following components are obtained

1 1 —24+X° —57 +x° 2 5 1 1
U t) = ——t3— —t4— 5 ¢ 6 7 — 2 8 2 — 10 _ n
10 X8 x10 x12 30x14 105x16 7x18 42x%0 30x22 165x%4
—6—x° 48 +x° 5 —12096 + 24x> + 5x'°
U (x, t) = % — (— ( )t9
30x14 105x16 7x18 15120x%0
(55296 —348x° +7x'%) ;5 (3180 —40x° +x1°) L (48)
75600x%2 5775x%4 '
(1224 + 24%° +5x1%) o (17784 + 348x° — 7x'%) |, (2560 + 40x° — x'%) ,
us(x, t) = — - _ t
15120x20 75600x%2 5775x%4
(2025216 + 3640064x> — 38823x'7) q2_ (7430832 — 12432x° + 80223x'7) REN
3326400x%6 10810800x28 '

Considering these components, the solution can be approximated as:

U, ) = pa(x, 1) = D (X, ). (49)
m=0

b1 = _l_lt_lZ_lﬁ_lt‘l_lS 244X o —57+X ,
x2 x4 X8 x8 x10 x12 30x14 105x16

2 5 5 9 _ 1 (10 _ 1T 5
7x18 42x%0 30x22 165x24

)
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51
error
\ |u=g,(ADM)|
w 0.35
|
‘|‘ 03 - — - lu=¢;(1ADM)|
|
|
.‘ 0.25 !
]
\ 0.2 -"
\ |
\ 0.15
\ /
\ 0.1 /
\ 0.05
N ///
-10 -5

Fig. 2. The absolute error between the closed form solution (43) and ¢s,,,, = @37 + ¢, and the absolute error between the closed form solution (43)
and ¢, ¢ atx = 4.

1 1 1 1 1 1 1 1 1 +13896 — 24x> — 5x10
¢’2=—7—7“?2—?3—%4—?f5—ﬂfﬁ—?f7—ﬁf8—< £
pY X X pY X X X X pY 15120x20
1 N (55296 — 348x> + 7x'°) ;10 1 N (3180 — 40x° + ') RN
30x22 75600x22 165x24 5775x24 ’
1 1 12 13141516171819‘110111
=Tl e Tl Tt et Tt Tt T et Tt Tt T
—3224736 4 7392x°> — 272x'0 4 5x13 9654192 — 59172x° + 607x'0 4 13x'®
+ t"? — "+ ..., (50)
3326400x26 10810800x28
It can be seen in Fig. 2 how much the result improved after using IADM.
2.3. Illustrative example (s = 4)
Consider the nonlinear initial value problem
d*u(t) 5 3
— 24 (u(t))® — 40 (u(t))® — 16u(t) = 0
1
u(0) =0, u(0) =1, uy (0) =0, Uy (0) = g

Solving Eq. (51) using IADM, Eq. (51) is written in the form:
Lu(x,t) + Ru(x,t) + N1(u(x, t)) + N2(u(x, t)) = 0, (52)
_ duxb
where Lu(x, t) = e =

Ru(t) = —16u(t), N1(u(t, x)) = —40 (u(t))?, N2(u(t, x)) = —24 (u(t))’ , and from L we find that
s=4.
The inverse operator L~ is an integral operator given by

t t t t
L_l(.):/ / / /(.)drdtdrdr.
o Jo Jo Jo

(53)
Applying L~! on Eq. (52) and using the given I.C.’s we find that
ux, 1) = fo(x) + it + L& — L7 (N1(ux, 7)) + N2(u(x, 7)) + Ru(x, 7)). (54)
Substituting by Eqs. (5) into Eq. (54) gives

D unx, ) = o) + L0t + S + ()7 — L7 (Z/w, )+ Y Bu(x, T)+R (Z iy (x, r))) ., (55)
n=0 n=0 n=0 n=0
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where A, and B, are the Adomian polynomials which represent the nonlinear terms N1(u(t, x)) = —40 (u(t))?, and

N2(u(t, X)) = —24 (u(t))® respectively and defined by

1 d4n 1 d(4n+1) ©

- lesl if i

An = 4an! )L4n Z}‘ft + (4n + 1)! d)\(4n+l)N1 Z}‘f't
A=0 A

1 d(4ﬂ+2) o) z 1 d(4n+3)
tl
- (4n+ 2)! {dwnw <Z 5 * (4n + 3)! dA<4”+3)

0

Mg

).

Il
<)

i=0
n=0,1,2,3...,

ifql d(4n+l) ifql
B = )L4n Z)‘ft . (4n+1)v dk(4n+1)N2 Z)‘ft R

1 d(4n+2) [ ; 1 d(41’H—3)
N2 Af N2
Tt | s\ XA |t G | s

i=0
n=0,1,2,3...,

<
Il
<)

Mg

).

Il
o

and using

uo(x, £) = fo(0) + it +HLX + f(0°,

Ler_](X, t) = _Lil(An + By + Run)a n>0
the following results are obtained

13

Ug = t+ gt
o) + A0t + [ + 06,
fo) =0,  fitk =1, LK =0, fi(x)=
Ao = —40(f7 + 3fgfit + 3 (7 + fof)? + (F + 6fofifa + 3f5f))
Bo = —24(f5 + 5fpfit + (10fGF7 + 55 f)t* + 565 f7 + 4fafifs +f3H)E)
lll(X, t) = —L71(A0 + BO + RUO)

2 £t7

= —ts
15 + 315

fa@t* + fs 0 + fs(0t® + fx)t,
17

2
fax) =0, fsx)= TR ) =0, fx)= I

(56)

(57)

(58)
(59)

Ar = =120y + fof5 + 2fofifs + SOt — 120(Ff5 + s + 2fofofs + 2fofifa + fofs)t® — 40(F} + 6fifofs + 3fofy
+ 3f2fa + 6fofofa + 6fofifs + 3f2fe)t® — 120(2fs + fiff + 2fifofa + 2fafafa + fifs + 2fafofs + 2fofifs + fEf)E

By = 120fo(—f; — 6fof2fs — 2f5fs — Af5fifs — fofat® + —24(F) + 20fuf o + 30/ f1f5 + 30f02 3+ 20f3fofs
+ 203 f1fa + 5f5 fs)t 4+ 120(—f1fo — 6fof; fz2 - 2f02f23 Afoffs — 12f3fifafs — 20515 — 63 2fa — Afgfofa
— A fifs — [ )t + 120(=2f7f) — 4fofify — Fifs — 12fof 2fofs — 6f2f1fs — 6f3fif3
— Afof 2 fa — 12fozf1f2f4 — AfSfafs — 6f7f2fs — 4f03f2f5 af3fifs — f'f7)
up(x,t) = —L7'(Ay + By + Ruy)
_ 62 9 1382 [
2835 155925
= O + fo®)° + fioCt™® + frix)c,

Following the same procedures we obtain
us(x, t) = —L7'(Ay + By + Ruy)
_ 124 5 4
~ 6081075 638512875

15

’

And so on....
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Considering these components, the solution can be approximated as:
n
U D) 2 ux, ) = ) (X, 0). (60)
m=0

o —-t+—1ﬁ-+ 2t5+-17t7
T 15 315

¢ —erlep 2o Moy 2 e, B2
2T 3 15 315 2835 155925 (61)
" —t+1t3+ 2t5+ 17 Ko 62 4 1382 [ 124 1 4 15
T 3 15 315 2835 155925 6081075 638512875
¢n contains the exact power series expansion of the closed form solution
u(t) = tan(t). (62)
Using ADM
ui(x,t) = L '(Ag + Bo + Rup)
2 5 17 5 4 2 19 3 2 s 1T 1 19
= —t —t —t —t t t s
15 + 315 + 189 + 297 + 11583 + 7371 + 38556 941868

uy(x,t) = L™'(A; + By + Ruy)
L2 e, 332, W3, 1357, 254273

2835 ' 155925 57915 1216215 578918340
o 502919, 14320463,
314269956 16499172690 2276885831220 ’

us(x,t) = L7'(Ay + by + Rup)
4, 43894 . 90362 ., 2693239

6081075 638512875 723647925 24748759035
315446071 ,, 129582991 .

* 5197239397350 5000148828684

And so on....
Considering these components, the solution can be approximated as:
n
U )~ ga(x, 1) = D up(x, 0). (63)
m=0
1 2 17 4 2 19 2 1 1
43 S LT 0 Sy 13 4 15 17 19.“,
4 3 15 315 189 297 11583 7371 38556 941868
1 2 17 62 1382 113 1357
—t4+ -3+ 254+ 74 2+ My 13 15
92 3 15 315 2835 155925 57915 1216215
254273 e 40217 o 502919 14320463  ,,
578918340 314269956 16499172690 2276885831220
1 2 17 62 1382 124 4
— 43 Sy T 2 11 13 15
93 + 3 +15 +315 +2835 +155925 6081075 638512875
90362 7 2693239 ;19 315446071 21 129582991 ,,
723647925 24748759035 5197239397350 5009148828684 ’

As can be seen in ADM results, there are unsettled terms in ¢,.
3. Conclusion and summary

From analyzing the obtained results and the procedures used in the Adomian decomposition method (ADM) and the
improved Adomian decomposition method (IADM). The following results are observed:

1. When s = 1in Eq. (2), the ADM results are the same as the IADM results.

2. Whens = 2, 3,4, ...in Eq. (2), the IADM results are more accurate than the ADM results and more convergent.

3. IADM eliminates the calculations of all the inaccurate terms in ADM.

4. The error of the truncated series solution obtained by ADM or IADM is very small near the initial point but the error
increases as we are far from the initial point for more details see [18,25].
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